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QUANTITATIVE KOROVKIN THEOREMS FOR
POSITIVE LINEAR OPERATORS ON L,-SPACES
BY
H. BERENS AND R. DE VORE'

ABSTRACT. Let (L,) be a sequence of positive linear operators on I,(ﬂ),
1 < p < w,0r C(R) with Q C R™. For suitable , the functions (¢;)7.%'
given by go(x) = 1, g;(x) = x;, 1 < i < m,and @, (x) = |x|* form a test
set for L,(R). That is, if L,,(cp,.) converges to @; in ||- ||, for each i = 0,
l,...,m+ 1, then L,(f) converges to fin ||- ||, for each f € L, (). We
give here quantitative versions of this result. Namely, we estimate || f —
L,fll, in terms of the error {l¢; — L,@;ll,, 0 < i < m + l,and the smooth-
ness of the function f.

1. Introduction. Our interest in this paper is in quantitative Korovkin
theorems for approximation by positive linear operators in L,-spaces. Such
theorems are well known for the space C[a, b] of continuous functions on a
compact interval. For example, let (L,) be a sequence of positive linear
operators on CJ[0, 1] into itself, let @(x)=x, i=0, 1, 2, and A, =
max;_q 2/l L,®; — ¢ill,- Then for each f € C[0, 1]

If = Laflle < C{MIflle + (5 VA, m=12.0., (D)

with w,(*, §), 0 < & < 1, the 2nd order modulus of smoothness as measured
in || - ||, and C an absolute constant (see G. Freud [6]).
An easy way to prove (1.1) is to establish the inequality

I/ = Laflleo < CM{11 S0 + 1S "1l } (12)

for each f € C?[0, 1] and then use well-known results from the interpolation
of linear operators (see e.g. [S]) to get (1.1).

The key to establishing L,-estimates is to give an analogue of (1.2) for
L,-approximation. This is done in §2 for the spaces X, = L,(I™), 1 < p <
o, and X, = C[I™] when p = oo, with I = [0, 1]™ the unit m cube.

If r>0and 1 < p < oo, we let W, (I"™) be the Sobolev space (see e.g. [1])
of all functions f € L,(I"™) such that D°f exists (in the Sobolev sense) and is
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350 H. BERENS AND R. DE VORE

in L, for all @ € Zg", |a| < m. The norm on W, (I"™) is
= D).,
£l = max 1D,

with of course the L,-norm taken over I"™.

The set of functions {@y, ..., @,,,} With for each x € I"” @y(x) =1,
@(x) = x;, 1 < i < m, @, (x) = |x|* forms a test set for X,, 1 < p < o0. If
L is a positive linear operator mapping X, into itself, let

A= o ax | Le: — @il - (1.3)
In Theorem 1, we show that for each f € W2
If = Lfll, < ClifllzeMy (14)

with C a constant depending only on the dimension m. Of course, when (L,)
is a sequence of operators then (1.4) gives an L,-analogue of (1.2).

This result may seem a little uncomfortable since the right-hand side
involves the W2-norm which does not depend on p. However this estimate is
sharp in a very strong sense. Namely, we also show in §2 that for each f with
continuous 2nd partials we have

I f - Lf|
p ————= 3> C|fllzor
L>0 )‘p
L#+1

with C an absolute constant.

In order to extend (1.4) to give estimates in terms of L,-smoothness, we
seek smoothness spaces that can be embedded in W?2. This is discussed in §3
where we establish certain known embedding theorems for Besov spaces.
Using interpolation theory, these embeddings give quantitative estimates for
approximation of functions in other L,-smoothness spaces, for example the
classical Lipschitz spaces.

As we have pointed out, all our results rest on (1.4). Thus the quantitative
theory for approximation by positive linear operators sits naturally in L.
This should be compared with the quantitative estimates for positive
contractions. Here for L,(I), 1 < p < oo, we have shown in [2] that if L is a
positive linear contraction on L,(I) and 7, = max;.q,ll¢; — Lgj|, then for
any f € L,(I)

If = Lfll, < ClISfllo,m,"” (1.5)

with C a constant. The remainder of the quantitative theory for L,(I) was
built up from (1.5). Thus the theory for contractions is essentially an L,-
theory.

The form of the present paper is to prove everything completely for L,(1™).
All the theorems have extensions to more general regions and we point them
out in §4.
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2. The fundamental estimate. In this and the next section, we work only on
I and so we do not indicate the dependence of the spaces on the domain but
write instead L, for L,(I™), W, etc. Let A, be as defined in (1.3). One main
result is the following

THEOREM 1. Let 1 < p < o0 and L be any positive linear operator mapping
X, into itself. If f € W2, then

IS = Lfll, < Clifllz,e0Mps 2.1)

with C a constant depending only on the dimension m.

PrROOF. We prove only the case 1 < p < oo which is more complicated
than the case p = co. We start with any £ = k!, k a positive integer. We will
estimate on 9 = int(/™). Using a uniform grid, we can decompose & into a
union of N = (mk)™ cubes, T = UPNQ,, where the Q;’s are all congruent to
the cube @ = {x: 0 < x; < m™'¢} and are pairwise disjoint.

When 1 < i < N, let §© be the center of Q; and define

L(x) = f(ED) + (VF(E?D), x — £D) 22
with Vf the gradient of f and (-, - > denoting the scalar product. Thus / is the

linear part of the Taylor expansion of f at £®. A simple estimate shows that
for any i/ and any x

|f(x) = h(x) <

fol(l——t){ S T (04 y(x - 1))

1< pr<m axﬂax"

(5= 6 - €|

<3 Whe = |5 -8 - 69

< py<m
<G ol x = PP 23)
To estimate Lf — f, we use the fact that for eachi =1, ..., N and almost

allx € Q,
L(f,x) = f(x) = L(f = I, x) + LI, x) = [;(x) + ;(x) = f(x),
and consequently for almost all x € I™

IL(f, %) = F] <2 LIS = b %)lxg (%)

+ 2L, x) = (x)xg,(x) + 214 (x) = f(¥)Ixg,(x)
= 5,(x) + S,(x) + S5 (x). (24)
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First, we want to estimate the norm of S,. Because of (2.3),
IL(f = b 0| < T Ifloel(l - —§9F, ) ae. 25)
Recall the functions ¢,, » =0, 1, .. ., m + 1, introduced in §1. Then
L(| - —§9P, x)
= L(‘pm+l’ x) - ¢m+l('x) -2 21 q)'(f(i)){L((p,, x) - ¢r(x)}
+‘Pm+l(f(i)){L(%’ x) = @o(*)} + |x — tOF ae.
< 'L((pm+l’ )C) - ‘pm+l(x)l +2 21 IL(‘P» X) - QP,(x)I
+ |L(po X) — @,(x)| + |x — §PF ae.
giving
Sl (x) < % ”f"2,oo(|L((pm+l’ X) - (pm+l(x)|

+23 |L(g, %) - o)

y=]
2
+ |L(po x) = @o(x)| + am
and consequently

1ill, < 5 1/ l2c(2m + DA, + &%) 26)

which is our estimate for S,.
Now we want to estimate the norm of S,. In this case, for each i = 1,
2,..., N and almost all x € Q,

IL(s x) = £(x)] < Il L(90r X) = Po(¥)|

m )

+ 3 || 1@ 0 - aol
m q

+ 3 L) Lo x) - 9o 2e.
y=] o

Hence
S < nfu.,w[u(%, 0 - 90l +23 L, ) - qo.(x)l}

giving
15201, < 2m + Dfll A )
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Using the estimate (2.3) we obtain for S,

130, < 1S lzme 28)

If we combine the estimates (2.6), (2.7), and (2.8) and use the fact that e can
be chosen arbitrarily small, we get

ILf = fll, < (m + 1)(m + 2N || fll3,000
which completes the proof of the theorem.
We now want to give some examples which will show that the estimate (2.1)
of Theorem 1 is sharp. For f € W2 and 1 < p < oo, define

ILf = LA,
)= =
LI
The estimate (2.1) is equivalent to
% (f) < Clifllz,00 (29)

We will now show that the reverse inequality also holds.

Let 1 < p < o0 (for p = o0 one makes suitable modifications in our
argument), € R™ with |9| = 1, and x, € Int(/™). For ¢ > 0 small enough,
the cube S, with center x, and sides of length ¢ is contained in /™. We work
from here on only with values of ¢ where S,, C I"™. For such ¢, define

f(x), x &S,
1 t
2 f_tf(x+ wn) du, x € S,

Then, L, = 9,0 < i < m,and

L(fx)=

£ 1 2im
}\t,p = I|L1<pm+l - (pm+l”p = _3_ ||Xs,"p = 3 2 /p.

Iff € W2, weletd,(f, x) = <Vf(x), n) be the partial derivative of f in the
direction of 7 at x and d2(, x) = d,(d,(f), x).
For x € §,and 0 < u < ¢, Taylor’s formula gives
f(x +m) + f(x — um) — 2f(x) = W?d?(f, x) + O(«°)
with the O independent of x and u. Hence, returning to the definition of L,,
we have

1 t
1L =1y = (3 [ o2 )i s o, + (P )
Dividing by A,, and taking the limit as 1 - 0 +, gives

— ILf- A,
ap(f)>}i_1£ ”J;\’—,p”=%d.,2(f,xo),
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where we used the fact that ttf( £, x) is a continuous function.

What we have just shown above is that for any f € W3 and any n with
|nl = 1, we have ||d*(f)l|,, < 2a,(f). Thus, for example, if we take n =
(8,)7 - (Kronecker delta notation) then we find

of

ax?
-]

We can also get an estimate for the mixed partials by taking n = 27'/%(§, +
8,)7-q to find

<2,(f), i=12...,m

o 0y . 3F
a—x'? +2 axiax a 2 <4 (f)
and so
f of
2“ axiaxj <4 (f) + ax,. + ﬁ < 8ap(f)

This shows that all second order partial derivatives can be estimated by a,(f).
We can also estimate the first order partial derivatives of f. Now with the
same notation as above, we define the operators

f(x), x &S,

L(f,x)= lf'f(x.g.nu)du, x €S,
t Jo

For these operators L,, we have only % preserved. However, a simple
calculation shows that || L(g) — ¢, =3[nlt'*™?, i=1,2,...,m, and
1L (@n+1) = Pmsill, < 26'*™/7. Hence, arguing similar to what we did
above for the second partial derivatives we find

—ILf- A,
4 xol < € T 20 < o

L4

with C a constant depending only on m. From this it follows that ||9f/dx;]|,
< Ca(f)i=12,.
Hence, the norms of the first partial derivatives of f can be estimated in

terms of a, (f).
The same ideas can be used to estimate the norm of f itself. Now, take L, as

[ S, xes,
L{fx) = [ 1+ 8)f(x), x€S,

Then we have
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— ILS= Sl
|f(x0)| < C lim Tp < Co,(f)
t—0 P
with C depending only on m. Thus, ||f||, < Ca,(f). Combining all the
estimates above we get that for each f € W3,

1fll2.00 < Ca(f) (2.10)

which is the converse to (2.9). By a denseness argument this inequality holds
for all f in C2. This shows that in a very strong sense we cannot improve the
estimate (2.1) save for the constant C.

3. Estimates in terms of L, -smoothness. In this section, we want to obtain
quantitative estimates in terms of L,-smoothness. We continue to work on the
cube I™. If 8 > 0, let r be the smallest integer strictly larger than 8 and let
1 < ¢ < oo. The Besov spaces B> = B»¥(I™) are defined as the set of all
functions f € L, such that the norm

11, + {f (+ =%, (f, )’ ””} , 1< g<m,

Ifll, + sup t~%w,(f, 1), q = o,
0<i<1

1A=

is finite. Here, w,,(-, §), 0 < & < 1, is the rth order modulus of smoothness
measured in L, The case ¢ = oo gives the classical Lipschitz spaces
Lip(, r; L,). The parameter § is the primary scaling while ¢ gives a finer
scaling when p and @ are held fixed.

For 0 < 8 < r, r an integer, the spaces Bp""’ are precisely the interpolation
spaces generated by the Peetre J(-method of interpolation between L, and
W,, see e.g. [4]. This follows from the fact that the modulus of smoothness
and the K-functional, defined by

K,(f,)=inf{|If-gl, + tlgl,,}: s €W, }, t>0,
are related by

Cc-! {min(l, t’)llfllp + ww(f, t)} < Kr.p(f’ 1)

< C{min(1, £)IIfll, + @,,(f, 1)} (€RY)

with C > 0 depending only on r. For the spaces L,(I"™) this was given
recently by H. Johnen and K. Scherer [7]. We also use some of the ideas from
[7] in this section.

We want to examine which of the spaces B¢ are embedded in W2 since
this will allow us to use Theorem 1 to estimate || f — Lf]j, when f € B4.

LEMMA 1. (@) For p = 1, we have || fll, < C||flln1» for each f € W. (b)
For 1 < p < oo, we have ||f|| < C||f|"/»" for eachf & B™/»".
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PROOF. Part (a) of this lemma can be found e.g. in [1, p. 100]. Part (b) is
readily found in the literature for L,(R™), see [8] or [3, p. 37]. We include a
proof only because the case of I” is not so readily found and yet the ideas are
still basically straightforward. One way of proving Lemma 1 is to show the
existence of an extension for functions from Bp”"’ ™ to Bp"" (R™). However,
we want to avoid these extension questions.

Let us first consider part (a). If n is a corner of the cube I, let S, = {x:
0< x; <3 when n; =0, and ; < x; < 1, when n; = 1}. We will show that
for each n and almost all x € S,

lf) < Clifllm1- (32
Since I = U, S,, (3.2) gives part (a).
To establish (3.2), let us first consider the case when f € C™(I™). Let
"=>0=m,1=m...,1-1,)
Take ¢ to be a function in C™(I™) which vanishes identically on the
hyperplanes x; = o/, i =1, 2,..., m, and has the value 1 on §,. Then with
g(x) = f(x)p(x), we have

g(x)=fn:'...fn:’" 078 (S - - - Sm) ds,- - - ds

9x,0x, - - - 0x,, m

where the boundary terms do not appear because g vanishes where ¢ does.
Thus, for x € S,

IfG) = 18(¥)] < ll&,-- s < Cll@lmeoll fllma < C NSl

which is (3.2) for smooth functions.

For an arbitrary f € W}", we can find a sequence of functions (f,) in
C™(I™) so that f, — fin W{" and f,(x) — f(x) a.e., which proves (3.2).

For part (b), we will first establish an inequality for the J-functional
defined foru € W," by

Jm,p (u’ t) = max(”u"p’ t”u”m.a)’ t> O
The embedding theorem rests on showing that
lulle < Ce™™?I (u,e™), €>0,u€ W, (33)

with C depending only on p and m.

To establish (3.3), we assume first that u € C™(I™). Let n be any corner of
I™ and define S, as before. Fix 1 and we will show the inequality (3.3) on S,.
Foreach0< g let T, = {r: 0 < (—1)"; < e}. Whene < 1/4m and x € §,
we have x + kr € I™,0 < k < m, so we can define

AP (u, x) = (—1)" éjo (—0*(F )u(x + ko)

and
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uy(x) = e~"'fT ((=1)™*'An(u, x) + u(x)) dt

[

It is simple to estimate |u,(x)| for x € §,. Namely,

1/p 1/p
< Mg ™ sy u(x + k)P dr dt
()] < 27 1<k‘2,..(fr," ) ) (fT)

< Ce™™/P|ul|, (34)

with C depending only on m.
We also need an estimate for u, = u — u,. Setting ¢(0) = u(x + o),
AP (u, x) = AT (¢, 0), where for ¢ we are taking the ordinary one variable

differences. Using the Peano kernel representation for the rth difference, we
have

A™(u, x) = f(p(’")(o)M(o)do f S 1D (u, x + of)M (o) do.

la|=m

Here M is nonnegative, has a zero of order m — 1 at ¢ = 0, and [{M (o) do =
1. In particular, [{o ~™/?M (o) do is bounded for 1 < p < .
Hence, by use of Holder’s inequality we obtain for all x € §,

(Ol = e [ (=17 0) dt|

< e-mfol M(o)ds 3 {fT |D® (u, x + ot)|P d:}w{fnwp’ dt}

1/p
1
< e"'/P'f 0o "/’M(0)do 3, {f |D* (u, x + ot)|Po™ dt}
o T.

1/p

< Cupll#llmpe™” (3.5)
where 3 is taken over all a such that |a| = m.

The estimates (3.4) and (3.5) imply (3.3) for smooth functions f in C™(I™)
and for 0 < & < 1/4m. It is not difficult to conclude that (3.3) actually holds
for all ¢ > 0 and, by a denseness argument, for all f € W".

Now that we have (3.3), it is an easy matter to venfy the embedding (b).

From (3.1) it follows that for each integer k > 0, there is a function 4, € W,"
so that

{Ilf— uell, < C {27111, + w(274), (36)

ltellmpy < C{Ifll, + 2™w(275)},

where w(t) = w,,,(f, ). Writing f = ZF_ g, With g = .,y — %, k=0, 1,
2,...,and uy = 0, (3.6) gives that J,, (&, 2™™) < C,{27™||fll, + w(27%)}
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and

[
”f"oo< ”ul”oo +k2 "gk”oo
=1
o0
< C,, {2"'/1"1,,,,(14,, 27my 4 D kg (u, 2—mk)}
k=1

o0 o0
< Gy [2""'/”'|Ifllp +o27h) + kzl 27" £, + kzl 2’""/"0’(2"")}

where we used (3.3). Finally, from the usual properties of the moduli of
smoothness it follows that

e 1
S ety < C [t L.
k=1 0 '

This completes the proof of the lemma.

The embeddings of Lemma 1 can be combined with Theorem 1 using
interpolation theory to give estimates for L,-smoothness 1 < p < co. We first
consider the simpler casesp = 1 andp = co.

THEOREM 2. If L is a positive linear operator mapping C (I™) into itself and
f e Ccdm™), then

I1f = Lfllo < C{Allfll + @2,00(Ss AY2)} (3.7)

with C depending only on m and the norm of L.
For p=1, let L be a positive linear operator mapping L, into itself. If
f € L(I™), then

I1f = Lflly < C{MIISlly + @paan(f, A/+D) ) (38)
with C depending only on m and the norm of L.

PrROOF. For p = oo it is easy to conclude from the estimate (2.1) of
Theorem 1 that for each f € C(I"™)

If = Lfllo < CKy o (£, o) < C{ALlIfllo + @30 (£, AL?)},  (39)

where the last inequality uses (3.1}
When p = 1, we first note that from part (a) of Lemma 1 and the estimate
(2.1) of Theorem 1 we have that for each g € W"*?

lg — Lgll, < Cll&llz0r1 < 1 8llms2,1A1-
Thus, as in (3.9), for any f € L, we have

If = Lflly < CLKpii (M) < Cp {>‘1||f||1 + wm+2,oo(f’ A.!/(m”))}

with again the last inequality coming from (3.1). This proves the theorem.
This last theorem gives an estimate for the degree of approximation in
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terms of the modulus of smoothness. This was possible since our endpoint
results in these cases where the spaces W;° and W["*2 For the general case
of p, 1 < p < oo, our endpoint spaces involve in general fractional 8, i.e.
0 =2+ m/p, and then the K-functional for interpolation between the
endpoint spaces BI,”’l and L, is no longer equivalent to a modulus of
smoothness. For this reason our estimates will be stated for the classical
Lipschitz spaces and not the modulus of smoothness. We let

Lip(a,r; L) = B}* ={f € L,: w,,(f, 1) = 0(¢%),0 < a < 1,1 > 0}.
THEOREM 3. Let 1 < p < oo and L be any positive linear operator mapping

L, into itself. If r = [2 + m/p] + 1 and f € Lip(a, r; L,) with y <2+ m/p
= @ < r then

If = Lfll, < ClISIp=A (3.10)
with C depending only on m, p and the norm of L.

ProOF. We know that for each f € L, || f — Lf||, < (1 + |LI)II flI,-

Also, if f € B! then by Lemma 1 f € W2 and consequently by Theorem
LIS = Lfll, < Cupllflacdy < Crpll FISIA,.

This time we interpolate between the spaces L, and Bp”". Using the
notation in [4] Peetre’s interpolation theorem [4, p. 180] gives that for
0<o<1l,g=coandf € (L, B,

If = LAll, < CIAI(L,, BY'), N (3.11)

where C depends on m, p, o and || L|}.

On the other hand, the reiteration theorem [4, p. 178] gives that the spaces
B*4 and (L,, B*"),,, 0< 6 <1,1< g < oo, are isomorphic with equiva-
lent norms. Hence (3.10) and (3.11) are equivalent statements, proving the
theorem.

4. Estimates for L,(£2). The results of §§2 and 3 have analogues for more
general domains in R™. For example Theorem 1 can be proved for any closed
and bounded set @ C R™. Now care must be taken in the definition of
W2 (). We follow the approach in [9, p. 170]). Thus f € W2 (Q) if there exist
functions f,,j = 0, 1, . . ., m, so that

m

F) =L+ 2 )% —x) + Ro(x,»),

j=1
Je(¥) =5 () + Re(x,p), k=12...,m,
while |f;(x)] < M,j=0,1,...,m,|Ryx,p)| < M|x — y[% and [R(x, )| <

Mlix—y|, k=1, 2,...,m, for all x,y € Q. The smallest constant M
determines the norm of f.
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Using this definition for W2 (L), we get the following more general version
of Theorem 1.

THEOREM 1’. Let Q@ be a closed bounded set in R™, and let L be a positive
linear operator mapping X,(R), 1 < p < oo, into itself. If f € W2(Q), then

If = LA, < Cl Ao 4.1)
where A, = maXog;<m1llP — Lepill ().

To avoid a trivial statement, £ is supposed to have positive Lebesgue
measure for 1 < p < 0.

The embedding results of §3 can also be proved for more general domains.
Let Q be the closure of some region 0 in R™ which has the uniform cone
property, see [1, p. 66]. It was shown by H. Johnen and K. Scherer [7] that for
such a domain § we still have on L, ({) the equivalence of the K-functional

K,(f,1)= . inf {IIf - gl (@) + il gll, (D)}

EWL ()
and the modulus of smoothness
wr,p(f’ t) = Sup ”A;l(f’ : )”p(ﬂrh)
A<t

with &, = {x: [x, x + rh] C @}, [x, y] the line segment connecting x and y.
That is, there exists a constant C > 0 such that for each f € L,()

¢ {min(L, )| fll, + w,(f )} < Kp (S #)

< C{min(L, )Ifll, + wp(f 1))  (42)

with C independent of f and ¢. The Besov spaces Bp”" () are defined as
before except that we use the modulus of smoothness for f on €.

Using a partition of unity type argument as in [7] and estimates similar to
those given in §3, it can be shown when u € W;*(),e > 0and 1 < p < o0

1flo(®) < Ce~’max(||f1,(R), €™ fllmp). fE W (R),  (43)

with § = m/p and C independent of f and e. Then the same reasoning as in
§3 gives the embedding

Iflo < CUAIZZ Q).  f € BIP (D), 44
with C independent of f. For p = 1, this leads to
Iflo(@) < Clfllmi(B),  f € W (R (45)

with C independent of f.
These two embeddings give the following generalizations of Theorem 2 and
3.

THEOREM 2. Let @ = O, where O is a bounded region in R™ and Q satisfies
the cone property (1, p. 66). For p = oo, if L is a positive linear operator
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mapping C(Q) into itself, then for all f € C ()

If = Lfllw < C{All flleo + w300 (s A?)} (4.6)

with C depending only on m,  and the norm of L.
For p = 1, let L be a positive linear operator mapping L () into itself. If
f € L(Q) then for f € L ()

I1f = Lflly < C{MIISlly + @paan (S A/*P) ) 47
with C depending only on m, Q and the norm of L.

THEOREM 3. Let @ = O where O is a bounded region in R™ and Q has the
cone property. Suppose 1 < p < oo and L is a positive linear operator mapping
L,(Q)into itself. If r=12+ m/p]+1,0<y<2+m/p=0<randf€E
Lip(v, r; L,) then

ILf = LAI(R) < ClIfIy=A* (4.8)
with C depending only on m, p, & and the norm of L.
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